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Abstract

Deep reinforcement learning has achieved im-
pressive successes yet often requires a very
large amount of interaction data. This re-
sult is perhaps unsurprising, as using compli-
cated function approximation often requires
more data to fit, and early theoretical re-
sults on linear Markov decision processes pro-
vide regret bounds that scale with the dimen-
sion of the linear approximation. Ideally, we
would like to automatically identify the min-
imal dimension of the approximation that is
sufficient to encode an optimal policy. To-
wards this end, we consider the problem of
model selection in RL with function approx-
imation, given a set of candidate RL algo-
rithms with known regret guarantees. The
learner’s goal is to adapt to the complex-
ity of the optimal algorithm without know-
ing it a priori. We present a meta-algorithm
that successively rejects increasingly complex
models using a simple statistical test. Given
at least one candidate that satisfies realiz-
ability, we prove the meta-algorithm adapts
to the optimal complexity with regret that
is only marginally suboptimal in the num-
ber of episodes and number of candidate al-
gorithms. The dimension and horizon de-
pendencies remain optimal with respect to
the best candidate, and our meta-algorithmic
approach is flexible to incorporate multiple
candidate algorithms and models. Finally,
we show that the meta-algorithm automati-
cally admits significantly improved instance-
dependent regret bounds that depend on the
gaps between the maximal values attainable
by the candidates.
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1 INTRODUCTION

Deep reinforcement learning has achieved impressive
successes, yet often requires a very large amount of in-
teraction data. This result is perhaps unsurprising, as
more complicated function approximations often re-
quire more data to fit. Recent work on theoretical
reinforcement learning for some structured function
approximation settings has shown regret bounds that
scale with a parameter characterizing the complex-
ity of a particular function class. For example, for a
type of function approximation by a d-dimensional lin-
ear model in Markov decision processes (MDPs), prior
work has provided bounds that scale as O(d3/2) re-
gret (Jin et al., 2020b), which have been improved to
O(d) even given small inherent Bellman error (Zanette
et al., 2020). When the dynamics can be expressed
using a matrix, O(d3/2) regret bounds have also been
provided (Yang and Wang, 2020). The choice of di-
mension d is important: on one hand, if d is under-
specified, such regret bounds typically either fail to
hold or incur linear regret. On the other hand, if d
is over-specified, the above regret bounds are unnec-
essarily large. Thus, a natural goal is to use the most
compact representation suitable to encode the optimal
policy for a domain (which we denote as d∗). This op-
timal representation is typically unknown a priori.

In this paper we frame this as a model selection ques-
tion among a set of algorithms with model classes, pa-
rameterized by dimensions {d ≥ 1}, that are nested
in their regret bound guarantees. We assume that at
least one class can realize the true underlying domain.
We ask if is there an algorithm that can achieve regret
bounds that scale with the minimal realizable model
class, given by d∗. Doing so seems subtle: provably ef-
ficient reinforcement learning algorithms typically rely
heavily on strategic exploration, and using the wrong
model class during learning may alias states, result-
ing in performance that appears strong under the cur-
rent (incorrect) model class but is actually subopti-
mal. Conversely, forced exploration under more com-
plex classes mitigates this problem, but could intro-
duce regret that scales with the more complex model
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class dependence, even when a simpler model suffices.

Most prior work on model selection for online deci-
sion making has focused on contextual bandit set-
tings. Here, minimax-optimal guarantees were re-
cently shown under eigenvalue assumptions on the fea-
tures by leveraging the special structure of the stochas-
tic linear contextual bandit setting (Chatterji et al.,
2020; Foster et al., 2019). These results also assume
the knowledge of a good exploration policy, but such
knowledge cannot be relied on in the reinforcement
learning setting, where some “high-reward” states may
only be observed under specific, initially unknown se-
quences of actions. Slightly weaker model selection
guarantees can also be obtained under far more general
assumptions by using a corralling framework that as-
sumes access to a set of base algorithms, and provides
a meta-algorithm that aims to realize the best regret
of the (unknown) best algorithm (Agarwal et al., 2017;
Arora et al., 2020; Pacchiano et al., 2020).

Our contributions We tackle the challenge of
model selection in RL under minimal assumptions.
Our main insight is to leverage the knowledge of ex-
pected regret that is achievable under a particular
model when it realizes the data. Thus, we propose
an algorithm in Section 4 that maintains a candi-
date set of model classes at every round, and statis-
tically tests whether each of them is well-specified, or
not, by comparing the observed returns under that
model class to the regret we should expect from a well-
specified model. Model classes detected as misspecified
at any round are permanently eliminated there-after in
a manner reminiscent of active-arm elimination in the
multi-armed bandit problem (Even-Dar et al., 2006);
this is a significant simplification over previous meta-
algorithms for model selection that were based on ad-
versarial bandit algorithms. Our choice of action at ev-
ery round carefully interleaves executing the candidate
model class of minimal complexity with executing al-
gorithms using higher-order models. This procedure is
shown to automatically satisfy the needed exploration-
exploitation trade-off for model selection. In Section 5,
we show the regret bounds exactly match the model
complexity of the unknown best model in d∗ (and the
finite episode length H in RL), and achieve a T 2/3 rate
when the underlying algorithms have a T 1/2 rate under
minimal assumptions about the underlying dynamics
process. This is similar to recent model selection al-
gorithms under general assumptions (Pacchiano et al.,
2020) which sacrifice either a tight dependence on T or
d∗. We also demonstrate how our approach is compat-
ible with multiple recently introduced RL results, and
provide specific bounds for model selection in such set-
tings. In addition to our algorithm being simpler than
a recent model-selection approach (Pacchiano et al.,

2020), we provide new, significantly improved bounds
for instances in which there is a constant gap in perfor-
mance between model classes in Section 6. These guar-
antees are in part instance-dependent, as they scale in-
versely with this performance gap. From a practical
perspective, our wrapper algorithm can be used given
any input algorithms with regret guarantees that are
nested, which will allow it to directly inherit future
advances in provably efficient reinforcement learning.
Finally, the computational complexity of our meta-
algorithm only adds an extra factor on the order of
the total number of model classes over and above the
computational complexity of a single base algorithm.

2 RELATED WORK

The problem of model selection in online decision-
making environments with limited-information feed-
back (which includes both bandits and reinforce-
ment learning), has been an active area of recent re-
search (Agarwal et al., 2017; Chatterji et al., 2020;
Foster et al., 2019; Pacchiano et al., 2020) and poses
challenges that are both statistical and algorithmic.

Nearly Optimal Online Model Selection The
best available guarantees for online model selection
have been obtained for the linear contextual bandits
setting (Abbasi-Yadkori et al., 2011; Chu et al., 2011).
Here, the best worst-case bound when the optimal
model class is given is of the form O(

√
d∗T ), where

d∗ is the dimension of the minimal feature space that
realizes the data and T is the total number of rounds:
in model selection, several models with different d
are provided and the minimal d∗ is unknown. When
the contextual information is stochastic, Foster et al.
(2019) obtain model selection guarantees of the form

O(d
1/3
∗ T 2/3) under an action-averaged eigenvalue con-

dition, and Chatterji et al. (2020) match the optimal
guarantee when choosing between multi-armed ban-
dits and contextual bandits under a stronger universal
eigenvalue condition that ensures that contexts cor-
responding to all arms are sufficiently diverse. The
results of Foster et al. (2019) leverage the fact that it
is possible to estimate the optimal value under the op-
timal model (what we will denote as V ∗ in this paper)
at a faster rate of

√
d/n as compared to finding the

optimal policy under the complex model (which has
estimation error rate d/n). Both critically leverage
both stochasticity of contextual information and lin-
earity of the model. These bandit approaches also rely
on a priori access to a policy that explores the envi-
ronment and allows for off-policy estimation. However,
reward-free exploration in RL (Jin et al., 2020a; Wang
et al., 2020; Zanette et al., 2020) can sometimes be as
or more complex than estimating the optimal policy.
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Though there has been some work on offline feature
selection and model selection for RL given a batch
of data (see e.g. Farahmand and Szepesvári (2011);
Hallak et al. (2013); Jiang et al. (2015); Parr et al.
(2008)), there has been very little work specifically on
online model selection in reinforcement learning. Prior
work provided PAC results for online feature selection
for factored tabular MDPs (Guo and Brunskill, 2018).
More recent work provides regret bounds (Abbasi-
Yadkori et al., 2020) and PAC bounds (Modi et al.,
2020) for model selection in online RL when the opti-
mal value V ∗ is given: however, unlike in contextual
bandits (Foster et al., 2019; Kong et al., 2020), there
are no known algorithms for estimating V ∗ faster than
identifying the optimal policy in RL settings.

Corralling Methods Other researchers have pro-
vided general-purpose meta-algorithms designed for
model selection for bandit settings that yield weaker,
but still non-trivial and interesting statistical guaran-
tees of the form O(Rα∗T β) for arbitrary α ≥ 1, β < 1,
where R∗ depends generally on the complexity of the
best model class or algorithm and other problem pa-
rameters. The early corralling algorithms for stochas-
tic and adversarial bandits (Agarwal et al., 2017), have
recently been simplified and improved under a mild
stochastic assumption on the data (Pacchiano et al.,
2020), using a novel smoothing technique broadly ap-
plicable to base algorithms with a regret guarantee.
This stochastic corralling approach obtains model se-
lection rates with α = 2, β = 1/2 or α = 1, β = 2/3
under very general assumptions including the RL set-
ting; however, for technical reasons it still requires a
complex two step smoothing procedure to modify the
base algorithms to satisfy its regret guarantees. Our
approach recovers rates of the form α = 1, β = 2/3
(provided in Section 5) matching prior work without
sacrificing generality and with a significantly simpli-
fied and interpretable algorithm design. This simplic-
ity largely arises from using a stochastic master rather
than an adversarial master. As a consequence, our
same algorithm can be analyzed to provide new sig-
nificantly stronger model selection guarantees for in-
stances that have a constant gap in performance be-
tween model classes; these guarantees are provided in
Section 6. Moreover, side information or faster es-
timators of the optimal value V ∗, if available, can be
naturally incorporated into our design to provide near-
optimal rates; see Appendix D for precise statements
of these guarantees.

3 SETTING

We consider the setting of an episodic Markov decision
process (MDP) M = (S,U , H, r, P, ρ), where S and U

are state and action spaces, H ∈ N is the length of an
episode, r = {rh(sh, uh)} is the per-step reward func-
tion with rh(sh, uh) ∈ [0, 1], P = {Ph(sh+1|sh, uh)}
is the transition dynamics, and ρ(s) is a fixed initial
state distribution. A policy maps times and states to
actions, π : [H]× S → U .

For a given h ∈ [H] and s ∈ S, the value function is
the expected cumulative reward following policy π:

V πh (s) := Eπ

[
H∑

h′=h

rh′(sh′ , uh′)|sh = s

]

and similarly the action-value function is defined
as the expected return from first taking action u
and then following policy π: Qπh(s, u) = rh(s, u) +
Es′∼Ph(·|s,u)V

π
h+1(s′). The optimal value function is

denoted V ∗h (s) = supπ V
π
h (s). We write V π :=

Es∼ρV π1 (s) and denote the optimal value under ρ as
V ∗ = supπ V

π. In this work we primarily evaluate the
quality of an algorithm A in an MDPM by its regret1

with respect to the (unknown) optimal policy value V ∗

over T episodes:

RegretT (A;M) :=

T∑
t=1

V ∗ − V πt . (1)

We are interested in settings where the size of the state
space S and/or action space U could be very large.
Hence, we focus on function approximation methods
for minimizing regret. A function approximation al-
gorithm takes as input a model class F to general-
ize across states and actions (Agarwal et al., 2019).
Several natural examples include value-based classes
where F : S × U → R is used to predict action-
value functions Qπ and model-based classes where
F : S × U × S → R is used to predict the transition
dynamics P and reward r. Concretely, linear MDPs
(Jin et al., 2020b; Yang and Wang, 2020) model the
transition dynamics as 〈φ(s, a), µ(s′)〉, where φ ∈ Rd
and µh is a d-dimensional vector of measures.

We let (A,F) denote the pair of algorithm A equipped
with model class F . Recent high probability regret
(upper) bounds in this setting are sublinear in T
and typically depend polynomially on dF , H, and
log(T/δ), where dF is a measure of statistical com-
plexity of F and δ ∈ (0, 1) is a failure probability. For
example, if F is finite, we often have dF = log |F|
and if F is a class of linear functions of dimension
d, we have dF = d. However, provably sublinear re-
gret bounds in T are generally only known for algo-
rithms under problem-specific assumptions for F—for

1Note that regret is here defined with respect to the
optimal value. We will also consider algorithms satisfying
“best-in-class” regret guarantees in Section 6.
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example, there exists f∗ ∈ F such that the function
approximation error is 0. If this condition holds, we
say that F realizes the MDP M. Conversely, if F
does not realize M, then it is misspecified. Since we
consider settings where F may or may not realize M
and realizability is almost universally assumed among
modern RL algorithms with function approximation,
we define a general notion of the regret of A using F
under realizability, following Pacchiano et al. (2020).

Definition 1. For an MDP M, let algorithm A be
equipped with a model class F . Let R be a known func-
tion that is poly(dF , H, log(T/δ)). The pair (A,F) is
said to be R-compatible if F realizes M and we have

Regrett(A;M) ≤ R(dF , H, log(T/δ)) ·
√
t.

for all t with probability at least 1 − δ. R is called a
nominal regret coefficient2 for (A,F).

The rationale behind R-compatible algorithms is the
following. For any (A,F), we may have a regret co-
efficient R in mind (from a provable guarantee) that
holds if F realizesM. The regret R ·

√
t reflects what

we hope to achieve if F does actually realize M, and
(A,F) is only defined to be compatible if this hap-
pens. We remark that realizability is not necessary for
a sublinear regret guarantee to hold, but most RL algo-
rithms using function approximation assume it holds,
so it is convenient to view both conditions together.

Note that Definition 1 requires that A be anytime,
meaning the bound holds at any arbitrary round in-
dex t ∈ [T ] even though only the maximal number of
rounds, T , may be specified. For algorithms without
automatic anytime guarantees, this can be remedied
up to constant factors via the doubling trick (Cesa-
Bianchi and Lugosi, 2006). We will later give exam-
ples of how our model selection algorithm can be used
with some recent single task RL algorithms with for-
mal bounds in the function approximation setting.

Problem Statement Here, our goal in model se-
lection is to obtain a regret guarantee that adapts on-
the-fly to the model class of minimal complexity that
remains competitive with the optimal value. That is,
we wish to find the combination of algorithm A and
model class F , that is compatible in the sense of Defi-
nition 1, with the smallest possible leading coefficient
R(dF , ·, ·). We consider a setting where we are choos-
ing among a set of candidate algorithms A1,A2, . . .AL
with model classes {Fi}i∈[L], known nominal regret co-
efficients {Ri}i∈[L], and complexities {di}i∈[L] where
di := dFi and Fi is the model class of Ai. Without

2It is not necessary that R depend only on these argu-
ments; but these arguments are typically of interest in RL
regret bounds.

loss of generality, we assume the algorithm-model class
pairs can be ordered by their regret such that we have

Ri(di, H, log(T/δ)) ≤ Ri+1(di+1, H, log(T/δ)) (2)

for all i ∈ [L − 1], T,H ∈ N, and δ ∈ (0, 1). For ex-
ample, if {Ai} are all instances of the same algorithm
that use as input nested model classes {Fi}, then (2)
is satisfied by ordering d1 ≤ . . . ≤ dL. This natu-
rally captures, among other cases, linear models with
nested features (Foster et al., 2019). We also assume3

that at least one algorithm is Ri-compatible for its
respective regret coefficient Ri. Define i∗ = min{i ∈
[L] : (Ai,Fi) is Ri-compatible}.

We aim to design a meta-algorithm A that selects
among {Ai}Li=1 without knowing i∗ a priori and, for
some α ≥ 0 and β ∈ [1/2, 1), achieves a guarantee of

RegretT (A) = O
(
Ri∗(di∗ , H, log(T/δ)) · LαT β

)
.

4 MODEL SELECTION APPROACH

In this section, we present our model selection meta-
algorithm, Explore-Commit-Eliminate (ECE) and de-
tail the simple statistical test underlying our approach.

4.1 Algorithm

Our meta-algorithm for model selection is described
in Algorithm 1. At a high level, the algorithm pro-
ceeds in the following way. It takes as input the base
algorithms and model classes, their nominal regret co-
efficients, and their model complexities; mathemati-
cally, the input is given by {Ai,Fi,Ri, di}i∈[L]. The
number of algorithms L, episodes T ∈ N and fail-
ure probability δ′ ∈ (0, 1/e) are also specified. First,

we set δ = δ′

10LT 2 log2 T
. The meta-algorithm tracks

a candidate algorithm index ı̂t, corresponding to pair
(Aı̂t ,Fı̂t) that is believed to be Rı̂t-compatible at any
given time — as well as a set Bt of indices of algo-
rithms with more complex models. At the start of
each episode, the meta-algorithm determines whether
to use the algorithm Aı̂t or explore using a randomly
selected algorithm from the indices Bt, based on the
outcome of a Bernoulli variable Ut with success prob-
ability 1/tκ where κ ∈ (0, 1/2]. This random variable
Ut represents an indicator that model exploration will
occur. After executing the policy from the chosen algo-
rithm, the data is fed back to the algorithm to update,
and a test is run to determine whether the algorithm

3Note that for all other misspecified algorithms, their
nominal regret bounds will, in general, not hold. As regret
is being measured with respect to V ∗, it will include the
misspecification error terms.
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should reject Aı̂t . The test checks the following con-
dition for each j ∈ Bt:

Gt(̂ıt, j) >W(|T ı̂tt |,Rı̂t , dı̂t , δ)

where for all i < j ∈ [L], t ∈ [T ], T it is the set of times
when Ai is chosen up to t, and G is a scaled estimate
of the excess gap between models i and j, given by

Gt(i, j) :=
|T it |
|T jt |

∑
t′∈T jt

gt′ −
∑
t′∈T it

gt′

and W is defined as

W(t,R, d, δ) := CW · R(d,H, log(T/δ)) ·
√
t

+ CW ·H
√
Lt1+κ · log(1/δ)

+ CW ·H
√
t · log(1/δ)

for a sufficiently large constant CW > 0. The test
is only valid after a minimal burn-in period, t ≥
τmin(δ) = Cmin · L

2
1−κ log

1
1−κ (1/δ) for a sufficiently

large Cmin > 0, so this condition is also checked. If
these conditions are true for some j ∈ Bt, meaning
that the test fails, then ECE rejects Aı̂t and switches
to Aı̂t+1. This process repeats until episode T .

Note that although the algorithm uniformly explores
among the algorithms in Bt, it does not require any ex-
plicit uniform or directed exploration within episodes
that may be a tougher problem in RL settings than
regret-minimization—one can simply run the algo-
rithms as they were prescribed. In fact, we can
interpret our meta-algorithm as automatically lever-
aging the exploration already in-built in the regret-
minimizing base algorithms.

4.2 Statistical test on excess gap

The ability of ECE to judiciously accept or reject base
algorithms lies in the simple statistical test at the end
of each episode. The test can be viewed as a compari-
son between the scaled expected return obtained by a
“higher-order” algorithm, Aj , corresponding to index
j ∈ Bt during exploration rounds; and that of the ac-
tive candidate algorithm Aı̂t during all rounds of its
usage. If we find that the return of Aj is significantly
higher than that of Aı̂t , it suggests that switching to
the more complex algorithm Aj would yield signifi-
cantly higher return, despite the fact that Aj has a
larger nominal regret bound and might have received
much less data than Aı̂t (as it is also competing for
data with the other algorithms in Bt). The require-
ment that t ≥ τmin(δ) and our special choice of explo-
ration schedule ensures that the algorithms in Bt will
have sufficient data to be useful in the test with high
probability, while still exploiting the candidate model
Aı̂t whenever possible.

Algorithm 1 Explore-Commit-Eliminate (ECE)

1: Input: {Ai,Fi,Ri, di}i∈[L], L, T, δ
′, τmin(·)

2: δ ← δ′

10LT 2 log2 T
, ı̂t ← 1, T i1 = ∅ for all i ∈ [L],

B1 = [2, L].

3: Ut =

{
0 w.p. 1− 1

tκ

1 w.p. 1
tκ

for all t ∈ [T ].

4: for t = 1, . . . , T do

5: Set j =

{
ı̂t Ut = 0

Jt ∼ Unif{Bt} Ut = 1

6: T jt ← T
j
t ∪ {t} and T kt ← T kt for all k 6= j.

7: Rollout policy πt from Aj
8: Observe zt := (st,1, ut,1, . . . , ut,H , st,H+1) and

gt :=
∑
h∈[H] rt,h

9: Update Aj with t, zt, gt
10: if t ≥ τmin(δ) and there exists j ∈ Bt such that

Gt(̂ıt, j) >W(|T ı̂tt |,Rı̂t , dı̂t , δ) then
11: ı̂t+1 ← ı̂t + 1
12: Bt+1 ← Bt \ {ı̂t+1}
13: If ı̂t+1 = L, break and run AL to end of time
14: else
15: Bt+1 ← Bt
16: end if
17: end for

While we want ECE to reject lower-order models when
they perform poorly, the test cannot be too sensitive.
Otherwise, it could reject the optimal i∗ and choose
some unnecessarily large j > i∗, leading to highly sub-
optimal model complexity dependence in the regret
bound. Our statistical test is designed to avoid this
situation, as we prove in Section 5.

To give some additional intuition behind the test, it is
useful to view the expected returns 1

|T jt |

∑
s∈T jt

gs as a

noisy lower bound of the optimal value V ∗; meanwhile
the expected returns of 1

|T i∗t |

∑
s∈T i∗t

gs plus the regret

incurred, Regret(Ai∗), should be an upper bound of the
optimal value V ∗ up to some noise as well, if (Ai∗ ,Fi∗)
is Ri∗ -compatible. Thus, as long as these intervals in-
tersect, the test should succeed and i∗ continues to be
accepted. If the intervals separate, the current candi-
date is rejected. This intuition is reflected in the three
terms comprising the definition of W. The first is the
nominal regret one expects to see from Aı̂t if it is com-
patible. The last two follow from concentration of the
averaging over returns of the algorithms.

5 MAIN RESULT

Our main result shows that the meta-algorithm au-
tomatically adapts to the regret of the optimal pair
(Ai∗ ,Fi∗) that is Ri∗ -compatible. One of the main
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mechanisms behind this result is ensuring the validity
of the test. The following lemma shows that ECE will
never reject (Ai∗ ,Fi∗) with high probability.

Lemma 1. We have Gt(i∗, j) ≤ W(|T i∗t |,Ri∗ , di∗ , δ)
with probability at least 1−δ′ for all j ∈ [i∗+1, L] and
t ≥ τmin(δ′/10LT 2 log2 T ).

Thus, since the meta-algorithm steps through the
base-algorithms incrementally, Lemma 1 shows that
once it reaches (Ai∗ ,Fi∗), the first Ri∗ -compatible
pair, an algorithm with a more complex model class
will never be selected. Our main theorem combines
this result with the fact that, if the ECE has not re-
jected a misspecified algorithm (Aj ,Fj) with j < i∗,
then the suboptimality of Aj must not be significant.

Theorem 1. Let the model exploration parameter
κ = 1/3. Then, the model selection algorithm ECE
satisfies the regret bound

Õ
(
HLT 2/3 +Ri∗(di∗ , H, log(LT/δ′)) · i1/3∗ L1/2T 2/3

)
.

with probability at least 1− δ′, where Õ hides logs and
terms independent of T and R.

The regret bound of the meta-algorithm matches that
of the optimal algorithm in dependence on the com-
plexity of its model class di∗ and horizon H, i.e., the
best dependence if the optimal algorithm were pro-
vided a priori. We do incur a worse dependence on
T , which is now T 2/3, compared to the nominal

√
T

rate, and a dependence of L1/2, the total number of
algorithms, and i∗, the index of the optimal algorithm.
Note that this type of trade-off in the parameter op-
timality for model selection is typical in recent results
focused on contextual bandits, where methods making
less strong assumptions typically incur sub-optimality
in either the dependence on di∗ or T . In particular,
Theorem 1 matches the rate of Exp3.P (Pacchiano
et al., 2020) and does so without non-trivially modify-
ing the base algorithms. In addition to the minimax
guarantee of Theorem 1, we show in Section 6 that
this can be improved to instance-dependent bounds,
in contrast to Exp3.P and Corral.

5.1 Proofs

All proofs of Theorem 1, when not provided here, are
available in Appendix A. Due to space limitations, in
this section, we prove Lemma 1 and provide a proof
sketch for Theorem 1 to illustrate the main idea behind
handling pairs (Aj ,Fj) that are not Rj-compatible.
In both cases, we require that three events hold and
will show that they do with high probability. Define
εt = gt−V πt and let τi denote the first episode in which
Ai is chosen as the candidate ı̂t. If Ai is never chosen
then default to τi = T . Recall that δ = δ′

10LT 2 log2 T
.

Alg. Env. Regret

ModCB CB Õ
(
L2/3d

1/3
i∗ T 2/3

)
OSOM CB Õ

(
d

1/2
i∗ T 1/2

)
Corral RL Õ

(
L1/2R2

i∗T
1/2
)

Exp3.P RL Õ
(
L1/3Ri∗T

2/3
)

Ours RL
MM: Õ

(
L5/6Ri∗T

2/3
)

ID: Õ

(
L5/2R3

i∗
∆2

min
+ Ri∗T

1/2 + LT 2/3

)
Table 1: We compare the theoretical guarantees of our al-
gorithm to recent model selection work: ModCB (Foster
et al., 2019), OSOM (Chatterji et al., 2020), Corral (Agar-
wal et al., 2017; Pacchiano et al., 2020), and Exp3.P (Pac-
chiano et al., 2020). The first two apply to the contextual
bandit (CB) setting and leverage distribution assumptions
on the contexts to get nearly optimal regret. Corral and
Exp3.P apply generally, but are suboptimal and require
modifying the base algorithms in non-trivial ways. Our
rate matches that of Exp3.P in the minimax (MM) setting
without significant assumptions or modifications to the al-
gorithms. We also achieve an improved instance-dependent
(ID) rate when the gaps in performance between base al-
gorithms are constant with minimal gap ∆min.

1. Event E1: For all j ∈ [L] and all t ∈ [T ] such that

t ≥ τmin(δ), if t ≤ τi, then t1−κ

8L ≤ |T it | ≤ 4t1−κ.
If t > τi, then |T it | ≤ t− τi + 4t1−κ

2. Event E2: For all t ∈ [T ],

∑
t′∈T i∗t

V ∗ − V πt′ ≤ Ri∗(di∗ , H, log(T/δ))
√
|T i∗t |

3. Event E3: For all j ∈ [L] and all t ∈ [T ],

|
∑
t′∈T jt

εt′ | ≤ H
√

2|T jt | log(2/δ)

The first event ensures that the exploration schedule
yields sufficient data to all the algorithms before they
are chosen. The second states that the nominal any-
time regret guarantee holds for (Ai∗ ,Fi∗). The third
handles concentration of the noisy returns that the
algorithm observes from deploying policies. The fol-
lowing lemma shows that all three events happen with
high probability.

Lemma 2. The event E =
⋂
i∈{1,2,3}Ei holds with

probability at least 1− 10LT 2δ log2 T .

Lemma 2 is proved in Appendix A.1. The proof for
the first event uses a Freedman inequality (details in
Appendix B) to bound the sizes of all sets given that
enough time has passed. The second event holds with
high probability under the assumption that (Ai∗ ,Fi∗)
is Ri∗ -compatible. The third event can be shown to
hold with high probability using the Azuma-Hoeffding
inequality with appropriate union bounds.
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5.1.1 Proof of Lemma 1

We now prove the statement of Lemma 1 under the
event E. Adding and subtracting the sum of ap-
propriately scaled value functions

∑
t′∈T jt

V πt′ and∑
t′∈T i∗t

V πt′ , we can write Gt(i∗, j) in terms of value

functions and conditionally zero-mean errors:

Gt(i∗, j) =
|T i∗t |
|T jt |

∑
t′∈T jt

gt′ −
∑
t′∈T i∗t

gt′

=
|T i∗t |
|T jt |

∑
t′∈T jt

(V πt′ + εt′)−
∑
t′∈T i∗t

(V πt′ + εt′)

≤
∑
t′∈T i∗t

(V ∗ − V πt′ ) +
|T i∗t |
|T jt |

∑
t′∈T jt

εt′ −
∑
t′∈T i∗t

εt′

The last inequality follows as V ∗ ≥ V πt′ for all t′ ∈ [T ].
If events E2 and E3 hold then

Gt(i∗, j) ≤ Ri∗ (di∗ , H, log(1/δ)) ·
√
|T i∗t |

+H

√
2|T i∗t | log(2/δ) +H

√
2|T i∗t |2

|T jt |
log(2/δ)

By event E1 and the fact that j > i∗ and t ≥ τmin(δ),

|T jt | ≥ t1−κ

8L ≥
|T i∗t |

1−κ

8L . Therefore, for the third term,

H

√
2|T i∗t |2

|T jt |
log(2/δ) ≤ H

√
16L|T i∗t |1+κ log(2/δ)

Applying this bound to the result in the previous dis-
play and given the definition of W, it follows that
Gt(i∗, j) ≤ W(|T i∗t |,Ri∗ , di∗ , δ) for a sufficiently large
constant CW > 0, independent of t, di∗ , H, and δ.

5.1.2 Proof Sketch of Theorem 1

In bounding the regret of the meta-algorithm, there
are three cases to handle: (1) before the test becomes
valid, (2) once the test is valid but i∗ has not been
chosen yet, and finally (3) once i∗ is chosen. We ad-
dress the first and third cases before addressing the
second, which is more involved. We define τ∗ = τi∗ for
shorthand.

Case (1): When t < τmin(δ), the test to determine
switching among any of the model classes is not yet
valid. Here we simply pay the burn-in period giving

Regret1:τmin(δ)−1 ≤ O(HL
2

1−κ log
1

1−κ (1/δ)).

Case (3): If t > τ∗, then the meta-algorithm has
switched to Ai∗ . Under event E, the condition in
Lemma 1 is met and so the test no longer fails. There-
fore (Ai∗ ,Fi∗) which is Ri∗ -compatible is not rejected
in the remaining episodes. The regret during this

phase scales as Ri∗(di∗ , H, log(T/δ)) ·
√
T plus addi-

tional O(HLT 1−κ) regret due to exploration of the
remaining base algorithms in Bt.

Case (2) is when τmin < t ≤ τ∗—the test is eligi-
ble but the meta-algorithm is either switching among
misspecified models or unable to detect that they
are misspecified. Since the misspecification is not
detected for any of the algorithms in Bt, we know
Gt(̂ıt, i∗) ≤ W(|T ı̂tt |,Rı̂t , dı̂t , δ). That is, the average
reward for Aı̂t is not significantly different from that
of Ai∗ . Since Ai∗ is only played during exploration
and t ≥ τmin(δ), its number of rounds played can be
lower bounded by t1−κ/8L and thus its average regret
is at most roughly

Õ

(
L1/2Ri∗(di∗ , H, log(T/δ))

t
1−κ
2

)
.

The success of the test suggests that the average re-
ward of Aı̂t should be close to this. Extrapolating over
the rounds played by Aı̂t , the regret for ı̂t will be

Õ
(
Ri∗(di∗ , H, log(T/δ)) · L1/2|T ı̂tt |

1+κ
2

)
up to a constant shift byW(|T ı̂t |,Rı̂t , dı̂t , δ). The shift
is dominated by the above display because Rı̂t ≤ Ri∗
and κ ∈ (0, 1/2]. Finally, since we must account for
the cumulative effect for all i < i∗, Jensen’s inequality
shows the sum of these terms is bounded above by

Õ
(
Ri∗(di∗ , H, log(T/δ)) · i

1−κ
2
∗ L1/2T

1+κ
2

)
.

This becomes the dominant term in the regret. Addi-

tional regret of O(HLT 1−κ+Hi∗+HT
1+κ
2 log1/2(1/δ))

is also paid for exploration, switching costs, and esti-
mation error of the averages. Summing these three
cases and taking κ = 1/3 proves Theorem 1.

5.2 Applications

Though Theorem 1 is stated generally for any RL al-
gorithms with nominal anytime regret bounds, we can
easily specialize it to several important problem set-
tings without knowing the optimal model class a pri-
ori. Formal details can be found in Appendix C.

Linear Models Recent work has considered linear
MDPs where the transition dynamics and reward are
linear in some feature vector (Jin et al., 2020b; Yang
and Wang, 2020). We assume access to nested features
φi : S × A → Rdi for i ∈ [L] such that di ≤ di+1 and
the first di components of φi+1 are the same as φi.
These feature generate linear model classes:

Fi =
{

(s, a) 7→ 〈φi(s, a), θ〉 : θ ∈ Rdi
}

(3)
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Fi realizes M if it has zero approximation error for
the transition dynamics P (·|s, a) and reward r(s, a).
Let i∗ be the smallest index such that Fi∗ realizes
M. The regret of LSVI-UCB (Jin et al., 2020b) un-

der Fi for i ≥ i∗ is Õ
(√

d3
iH

4T
)

. Using ECE with

LSVI-UCB algorithms guarantees RegretT (ECE) =

Õ
(√

d3
i∗
H4 · L5/6T 2/3

)
. MatrixRL (Yang and Wang,

2020) similarly assumes a linear function class:

Fi =
{

(s, u, s′) 7→ φi(s, u)>Mψi(s
′) : M ∈ Rdi×d

′
i

}
for ψi(s

′) ∈ Rd′i . For Fi with i ≥ i∗ that
realizes the transition dynamics P , the regret is

Õ
(√

d3
iH

5T
)

. Our model selection algorithm, ECE,

achieves RegretT (ECE) = Õ
(√

d3
i∗
H5 · L5/6T 2/3

)
.

A more general linear setting considers learning un-
der low Bellman error without directly assuming lin-
earity of P . With Fi defined as in (3), we say
Fi realizes M if it has zero inherent Bellman er-
ror (Definition 1, Zanette et al. (2020)). Then for
i ≥ i∗, ELEANOR (Zanette et al., 2020) guaran-

tees improved regret Õ
(
di
√
H4T

)
and ECE achieves

RegretT (ECE) = Õ
(
di∗
√
H4 · L5/6T 2/3

)
.

As done by Foster et al. (2019), for nested model
classes, the L dependence can be replaced by log T
by only considering a subset of features such that
di = O(2i) for i ∈ [dlog2(T )e].

Low Bellman Rank For more general function ap-
proximation, consider the setting of MDPs with low
Bellman rank (Jiang et al., 2017) and finite (but
not necessarily linear or nested) models {Fi} with
Fi : S × U → R. Fi realizes M if there is f∗ ∈ Fi
such that f∗ = Q∗h for all h ∈ [H] and the induced
Bellman rank is Mi < |Fi|. For i such that Fi re-
alizes M, AVE (Dong et al., 2020) guarantees regret

Õ

(√
M2
i |U|H4T log3 |Fi|

)
. Let i∗ be defined simi-

larly as before. Then ECE achieves RegretT (ECE) =

Õ
(√

M2
i∗
|U|H4 log3 |Fi∗ | · L5/6T 2/3

)
6 INSTANCE-DEPENDENT

BOUNDS

We now prove a stronger “instance-dependent” guar-
antee on online selection over more specialized base al-
gorithms which have provable regret guarantees that
are sublinear in T , but compared to the best policy
within its respective policy class. For example, for an
algorithm and model class (A,F) using value-based

function approximation we might consider the greedy
policy class:

ΠF =

{
(s, h) 7→ arg max

u∈U
f(s, u, h) : f ∈ F

}
.

The regret with respect to the best-in-class is

RegretT (A,ΠF ;M) = maxπ∈ΠF

∑
t∈[T ] V

π − V πt

To consider algorithms that may obtain sublinear re-
gret with respect to this weaker benchmark but not
with respect to V ∗, we give a refined definition of R-
compatible algorithms.

Definition 2. The pair (A,F) is said to be RΠF -
compatible with respect to ΠF on the MDP M if we
have

RegretT (A,ΠF ;M) ≤ RΠF (dF , H, log(T/δ)) ·
√
t

for all t with probability at least 1− δ.

The value of maxπ∈ΠF V
π is typically unknown be-

cause of the complex dependence between ΠF andM,
and because ΠF is often determined by F . Given
a set of algorithms with different policy classes, we
would like to select the one with the smallest regret
compared to the optimal best-in-class value. For-
mally, we assume there are given algorithms {(Ai,Fi)}
with policy classes {Πi} each having optimal values
V ∗i := maxπ∈Πi V

π and regret coefficients {RΠi
i } such

that for all i the pair (Ai,Fi) is RΠi
i -compatible and

Ri(di, ·, ·) ≤ Ri+1(di+1, ·, ·). Our goal is to select
i∗ ∈ B∗ := arg maxj∈[L] V

∗
j that has the smallest com-

plexity dependence i.e. i∗ = arg mini∈B∗ R
Πi
i (di, ·, ·).

We emphasize that even if no algorithm is compati-
ble in the sense of Definition 1, we want the optimal
best-in-class guarantee4 in the sense of Definition 2.

The difference between this setting and the last is that
all algorithms are assumed to be compatible with re-
spect to their own policy classes now, but the differ-
ing Πi mean that some can have lower V ∗i , which we
want to eliminate. Note that although the regret co-
efficients are ordered as in (2), the values {V ∗i } are
unknown and not necessarily ordered. Observe that
i∗ = minB∗, so that V ∗i∗ > V ∗i for all i < i∗ and
V ∗i∗ ≥ V ∗i for all i > i∗. Thus i∗ has the lowest regret
for the best policy class. We would like an algorithm A
that bounds RegretT (A,Πi∗ ;M) with dependence on
only the complexity of Fi∗ . The following result shows
that Algorithm 1, without any modifications, can ob-
tain an instance-dependent regret guarantee based on
the size of the gaps ∆j,i∗ := V ∗i∗ − V

∗
j for j < i∗.

4In essence, the best-in-class guarantee needs to hold
even under model misspecification. A good example of a
base algorithm satisfying this condition would be Exp4 in
the contextual bandits setting.
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Theorem 2. For a given M, let (Ai,Fi) be RΠi
i -

compatible with respect to Πi for all i ∈ [L]. Then,
with probability at least 1− δ′, ECE with κ = 1/3 sat-
isfies the regret bound with respect to policy class Πi∗ :

Õ
(
HLT 2/3 +RΠi∗

i∗

√
T + L3/2(RΠi∗

i∗
)3
∑
i<i∗

∆−2
i,i∗

)
If κ = 1/2, then it satisfies

Õ
(
HL
√
T +RΠi∗

i∗

√
T + L2(RΠi∗

i∗
)4
∑
i<i∗

∆−3
i,i∗

)
Comparing this result to Theorem 1, if ECE is run with
the same κ = 1/3 and the gaps are constant, a signifi-
cantly better rate is possible since the third term has
no dependence on T . With a more aggressive explo-
ration choice of κ = 1/2, an even stronger instance-
dependent guarantee is possible, matching the opti-

mal RΠi∗
i∗

√
T rate of the best algorithm. However,

this comes at the price of worse dependence on the

gaps and RΠi∗
i∗

factors, in the term that does not in-
crease polynomially with T . In either case, Theorem 2
shows that we can obtain optimal or near-optimal de-

pendence in T and only suboptimal RΠi∗
i∗

-dependence
on terms that do not grow with T , as long as the gaps
are constant. In Appendix D, we show that these rates
can be even further improved with only minimal mod-
ifications to ECE if given access to fast estimators of
the gaps or V ∗.

7 CONCLUSION

We present a new model selection meta-algorithm for
RL with function approximation. Given a set of base
algorithms in which one is well-specified, the meta-
algorithm adapts to the regret of the optimal one using
a simple and interpretable statistical test. The regret
of the meta-algorithm retains optimal dependence on
model complexity while increasing the dependence on
the number of episodes, T , to O(T 2/3). Compared
to past efforts, our meta-algorithm provides similarly
strong worst-case regret bounds, is computationally ef-
ficient conditioned on efficiency of the base algorithms,
works under minimal assumptions, and provides new
instance-dependent results.

Of many interesting future directions, a particularly
interesting one given the prior significance of access
to V ∗ (Foster et al., 2019; Modi et al., 2020) and our
even stronger instance-dependent regret rates (see Ap-
pendix D), is whether estimating V ∗ is easier than es-
timating the optimal policy.
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A OMITTED PROOFS

In this section, we collect proofs for Theorem 1 that were omitted from the main paper.

A.1 Proof of Lemma 2

Here, we restate and prove Lemma 2.

Lemma 2. The event E =
⋂
i∈{1,2,3}Ei holds with probability at least 1− 10LT 2δ log2 T .

Proof. We will show that each of the three events holds with high probability and the apply the union bound.

Corollary 1 of Section B shows event E1 holds with probability at least 1− 4LT 2δ log2 T .

For event E2, i∗ is the index of the algorithm that is Ri∗ -compatible and anytime. Let πi∗(k) denote the policy

played by Ai∗ at the kth call to i∗. For K ∈ [T ], these properties guarantee its regret bound holds, with
probability at least 1− δ, ∑

k∈[K]

V ∗ − V π
i∗
(k) ≤ Ri∗(di∗ , H, log(T/δ)) ·

√
K

Taking the union bound over all K ∈ [T ] shows that event E2 holds with probability at least 1− Tδ.

As in the previous case, we can view the process εi(1), . . . , ε
i
(T ) as the pre-drawn differences between the observed

and expected returns for the 1 through (at most) T times of playing model Ai. Applying the Azuma-Hoeffding
inequality with |εi(k)| ≤ H and taking the union bound over all K ∈ [T ],

|
∑
k∈[K]

εi(k)| ≤ H
√

2K log(2/δ)

with probability at least 1 − Tδ. Taking the union bound over all models, event E3 occurs with probability at
least 1− LTδ.

Taking these events together and δ′ = 10LT 2δ log2 T , event E holds with probability at least 1− δ′.

A.2 Full Proof of Theorem 1

Here, we restate and complete the proof of Theorem 1.

Theorem 1. Let the model exploration parameter κ = 1/3. Then, the model selection algorithm ECE satisfies
the regret bound

Õ
(
HLT 2/3 +Ri∗(di∗ , H, log(LT/δ′)) · i1/3∗ L1/2T 2/3

)
.

with probability at least 1− δ′, where Õ hides logs and terms independent of T and R.

Proof. Let τ∗ := τi∗ denote the time that Ai∗ is chosen as the candidate. Recall that δ = δ′

10LT 2 log2 T
. The

analysis can be divided into three phases when conditioned on the event E.

1. t < τmin(δ): the test to determine switching to i∗ is not valid yet.

2. τmin(δ) < t ≤ τ∗: the test is eligible but ECE is still switching among incompatible algorithms.

3. t > τ∗: ECE has switched to Ai∗ .

Note that it is possible that τ∗ ≥ T . That is, the algorithm only uses incompatible algorithms; however, we will
show that this case still guarantees regret that adapts to the optimal algorithm i∗.
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Case 1: Invalid Test We require t ≥ τmin(δ) in order for the condition in Lemma 1 to hold under E when
ı̂t = i∗. Therefore, we can view this period t < τmin(δ) as an unavoidable burn-in period. The regret during this
interval can then be upper bounded in the worst case as

Regret1:τmin(δ)−1 =

τmin−1∑
t=1

V ∗ − V πt ≤ Hτmin = O
(
HL

2
1−κ log

1
1−κ (1/δ)

)

Case 2: Misspecified Case In the second phase, the test is valid, but ECE is either utilizing algorithms
below i∗ or switching among them in the event the test fails. The regret can be decomposed across each set T jτ∗
of times playing Aj up to time τ∗:

Regretτmin(δ):τ∗ =
∑
j∈[L]

∑
t∈T jτ∗

V ∗ − V πt

≤ 4H(L− i∗)τ1−κ
∗ +

∑
j<i∗

∑
t∈T jτj+1

V ∗ − V πt

≤ 4H(L− i∗)τ1−κ
∗ +Hi∗ +

∑
j<i∗

∑
t∈T jτj+1−1

V ∗ − V πt

The second line follows from the fact that for j > i∗, algorithm j is not selected yet (if ever), so maximal regret
is paid for those algorithms during exploration. Event E1 upper bounds the number of times that can be in T jτ∗
at time τ∗, since the regret due to j is only due to exploration. Furthermore, for j < i∗, once j is rejected, it is
never used for exploration again, so we can replace T jτ∗ with T jτj+1

for j < i∗. The third line is necessary as no
guarantee is given during episodes when a test fails and there can be at most i∗ failing tests since the condition
in Lemma 1 is always true under event E.

Then, we focus on bounding the right-hand term. Fix j < i∗. Observe that for t ∈ T jτj+1−1 the tests succeed for
all comparisons including with i∗:

Gτj+1−1(j, i) ≤ W(|T jτj+1−1|,Rj , dj , δ)

for all i > j. Therefore, since i∗ > j, the definition of G can be used the bound the following:∑
t∈T jτj+1−1

V ∗ − V πt =
∑

t∈T jτj+1−1

(V ∗ − gt) +
∑

t∈T jτj+1−1

εt

≤
|T jτj+1−1|
|T i∗τj+1−1|

∑
t∈T i∗τj+1−1

(V ∗ − gt) +W(|T jτj+1−1|,Rj , dj , δ) +
∑

t∈T jτj+1−1

εt

≤
|T jτj+1−1|
|T i∗τj+1−1|

∑
t∈T i∗τj+1−1

(V ∗ − V πt) +W(|T jτj+1−1|,Rj , dj , δ)

+
∑

t∈T jτj+1−1

εt +
|T jτj+1−1|
|T i∗τj+1−1|

∑
t∈T i∗τj+1−1

εt

Now we can use the fact that E2 and E3 hold to bound the regret and estimation errors:

∑
t∈T jτj+1−1

V ∗ − V πt ≤ O

Ri∗(di∗ , H, log(T/δ)) ·

√√√√ |T jτj+1−1|2

|T i∗τj+1−1|

+W(|T jτj+1−1|,Rj , dj , δ)

+O

(
H
√
|T jτj+1−1| · log(1/δ)

)
+O

H
√√√√ |T jτj+1−1|2

|T i∗τj+1−1|
· log(1/δ)


(4)
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Using E1 and the fact that τmin(δ) ≤ τj+1 − 1 ≤ τ∗, we have that

|T i∗τj+1−1| ≥
(τj+1 − 1)1−κ

8L
≥
|T i∗τj+1−1|1−κ

8L
.

Then the terms in (4) that contain |T i∗τj+1−1| in the denominator can be upper bounded:

O

Ri∗(di∗ , H, log(T/δ)) ·

√√√√ |T jτj+1−1|2

|T i∗τj+1−1|

 ≤ O (L1/2Ri∗(di∗ , H, log(T/δ)) · |T jτj+1−1|
1+κ
2

)

O

H
√√√√ |T jτj+1−1|2

|T jτj+1−1|
· log(1/δ)

 ≤ O (HL1/2|T jτj+1−1|
1+κ
2 · log1/2(1/δ)

)
The bound then becomes∑

t∈T jτj+1−1

V ∗ − V πt ≤ O
(
L1/2Ri∗(di∗ , H, log(T/δ)) · |T jτj+1−1|

1+κ
2

)
+W(|T jτj+1−1|,Rj , dj , δ)

+O
(
H|T jτj+1−1|1/2 · log1/2(1/δ)

)
+O

(
HL1/2|T jτj+1−1|

1+κ
2 · log1/2(1/δ)

)
Since Rj ≤ Ri∗ , the regret for j in this case is∑

t∈T jτj+1−1

V ∗ − V πt ≤ O
(
L1/2Ri∗(di∗ , H, log(T/δ)) · |T jτj+1−1|

1+κ
2 +HL1/2|T jτj+1−1|

1+κ
2 · log1/2(1/δ)

)

Observe that
∑
j<i∗
|T jτj+1−1| ≤ T and the right-hand side is a sum of concave functions of each |T jτj+1−1|. Using

Jensen’s inequality with the uniform distribution over |T jτj+1−1| for j < i∗ and then upper bounding by T yields
the bound:

Regretτmin(δ):τ∗ ≤ O
(
HLT 1−κ +Hi∗ +

(
Ri∗(di∗ , H, log(T/δ)) +H log1/2(1/δ)

)
· i

1−κ
2
∗ L1/2 · T

1+κ
2

)
Case 3: Selecting Ai∗ Starting at τ∗ + 1, Ai∗ is selected. Note that the condition in Lemma 1 holds under
event E, so ECE will never reject i∗. Then

Regretτ∗+1:T ≤
∑

j∈[i∗+1,L]

H|T jT |+
∑
t∈T i∗T

V ∗ − V πt

≤
∑

j∈[i∗+1,L]

H|T jT |+O
(
Ri∗(di∗ , H, log(T/δ) ·

√
T
)

≤ O
(
HLT 1−κ +Ri∗(di∗ , H, log(T/δ) ·

√
T
)

Adding the terms from these three phases gives the final bound:

RegretT = O
(
HL

2
1−κ log

1
1−κ (1/δ) +HLT 1−κ +Hi∗ +

(
Ri∗(di∗ , H, log(T/δ)) +H log1/2(1/δ)

)
· i

1−κ
2
∗ L1/2 · T

1+κ
2

)
Then we choose κ = 1/3 to recover the statement in the theorem.

A.3 Proof of Theorem 2

Here, we restate an prove Theorem 2.

Theorem 2. For a given M, let (Ai,Fi) be RΠi
i -compatible with respect to Πi for all i ∈ [L]. Then, with

probability at least 1− δ′, ECE with κ = 1/3 satisfies the regret bound with respect to policy class Πi∗ :

Õ
(
HLT 2/3 +RΠi∗

i∗

√
T + L3/2(RΠi∗

i∗
)3
∑
i<i∗

∆−2
i,i∗

)
If κ = 1/2, then it satisfies

Õ
(
HL
√
T +RΠi∗

i∗

√
T + L2(RΠi∗

i∗
)4
∑
i<i∗

∆−3
i,i∗

)
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Proof. First we will show that the sufficient events to prove this result occur with high probability. While the
other events remain the same. we must modify event E2 from Lemma 2 slightly because we are interested in the
case when all algorithms are compatible with respect to their own policy classes. Let E′2 denote the following
event: for all t ∈ [T ] and i ∈ [L],∑

t′∈T it
V ∗i − V πt′ ≤ R

Πi
i (di, H, log(T/δ))

√
|T it |

As in Lemma 2, this almost follows from Definition 2; however, we also union bound over all algorithms. Thus
E′2 occurs with probability at least 1 − LTδ. Let E′1 = E1 and E′3 = E3. Then E′ =

⋂
i∈1,2,3E

′
i occurs with

probability at least 1− 10LT 2δ log2 T , as before.

Recall that i∗ = minB∗ where B∗ is the set of indices that achieve maximal value, arg maxi V
∗
i . For shorthand,

we will let Rj := RΠj
j (dj , H, log(T/δ)). We now verify that the statistical test will not fail once ECE reaches

some i∗ ∈ B∗. This is nearly identical to Lemma 1, but we must verify it with respect to values that are not the
optimal value.

Lemma 3. Let (Ai,Fi) be an RΠi
i -compatible algorithm with respect to Πi for all i ∈ [L] and let i∗ = minB∗.

Given that event E′ holds and t ≥ τmin(δ), then, for all j ∈ [i∗+1, L], it holds that Gt(i∗, j) ≤ W(|T i∗t |,Ri∗ , di∗ , δ).

Proof. From the definition of G,

Gt(i∗, j) =
|T i∗t |
|T jt |

∑
t′∈T jt

gt′ −
∑
t′∈T i∗t

gt′

=
|T i∗t |
|T jt |

∑
t′∈T jt

(V πt′ + εt′)−
∑
t′∈T i∗t

(V πt′ + εt′)

≤
∑
t′∈T i∗t

(
V ∗i∗ − V

πt′
)

+
|T i∗t |
|T jt |

∑
t′∈T jt

εt′ −
∑
t′∈T i∗t

εt′

where the last step uses the fact that V ∗i∗ = maxi V
∗
i . Since (Ai∗ ,Fi∗) is RΠi∗

i∗
-compatible, the remainder of the

proof is identical to that of Lemma 1 by applying the conditions in E′.

As before, in the full proof we handle three cases: (1) before the test is valid, (2) while i < i∗ is chosen, (3) after
i∗ is chosen. In the first case, we again pay the burn-in period regret of Regret1:τmin(δ)−1 = O(Hτmin(δ)). In the

third, we showed that the test will never fail once ı̂t = i∗. Therefore, Regretτ∗:T = O
(
HLT 1−κ +Ri∗ ·

√
T
)

.

To bound the regret during the misspecified phase, we construct an upper bound on the number of times Aj can
be played for j < i∗. Let t be a time such that ı̂t = j < i∗ and the test succeeds. First, we bound the size of the
gaps.

Note that by definition V ∗j ≥ 1

|T jt |

∑
t′∈T jt

V πt′ and event E′ ensures that V ∗i∗ ≤
Ri∗
|T i∗t |1/2

+ 1

|T i∗t |

∑
t′∈T i∗t

V πt′ .
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Then,

∆j,i∗ = V ∗i∗ − V
∗
j

≤ 1

|T i∗t |

∑
t′∈T i∗t

V πt′ +
Ri∗
|T i∗t |1/2

− 1

|T jt |

∑
t′∈T jt

V πt′

=
Ri∗
|T i∗t |1/2

+
1

|T i∗t |

∑
t′∈T i∗t

(gt′ − εt′)−
1

|T jt |

∑
t′∈T jt

(gt′ − εt′)

≤ W(|T jt |,Rj , dj , δ)
|T jt |

+
Ri∗
|T i∗t |1/2

− 1

|T i∗t |

∑
t′∈T i∗t

εt′ +
1

|T jt |

∑
t′∈T jt

εt′

≤ CW ·

(
Rj
|T jt |1/2

+H

√
16L log(2/δ)

|T jt |1−κ
+H

√
2 log(2/δ)

|T jt |

)

+
Ri∗
|T i∗t |1/2

+H

√
2 log(2/δ)

|T i∗t |
+H

√
2 log(2/δ)

|T jt |

where we have applied the definition ofW and event E3 to bound the noise of the returns. Let C ′W = max{1, CW}.
Since i∗ has not been selected yet |T i∗t | ≥ t1−κ

8L ≥
|T jt |

1−κ

8L . Then, since Rj ≤ Ri∗ ,

∆j,i∗ ≤ C ′W ·

(
2
√

8LRi∗
|T jt |

1−κ
2

+H
2
√

16L log(2/δ)

|T jt |
1−κ
2

)

Rearranging gives

|T jt | = O

L 1
1−κ

(
Ri∗ +H log1/2(1/δ)

) 2
1−κ

∆
2

1−κ
j,i∗


Now this bound can be used to bounding the regret with dependence on the gap. The regret during this phase
is again

Regretτmin(δ):τ∗ ≤ H(L− i∗)τ1−κ
∗ +

∑
j<i∗

∑
t∈T jτj+1

V ∗i∗ − V
πt

≤ H(L− i∗)τ1−κ
∗ +Hi∗ +

∑
j<i∗

∑
t∈T jτj+1−1

V ∗i∗ − V
πt

As in the proof of Theorem 1, we focus on bounding the right-hand term. For a fixed j < i∗, at time τj+1 − 1

we have that the test succeeds so Gτj+1−1(j, i∗) ≤ W(|T jτj+1−1|,Ri∗ , di∗ , δ). Then, applying the bound on the
number of times j can be played,∑

t∈T jτj+1−1

V ∗i∗ − V
πt ≤ ∆j,i∗ |T

j
τj+1−1|+Rj ·

√
|T jτj+1−1|

≤ O

L 1
1−κ

(
Ri∗ +H log1/2(1/δ)

) 2
1−κ

∆
1+κ
1−κ
j,i∗

+
Ri∗L

1
2(1−κ)

(
Ri∗ +H log1/2(1/δ)

) 1
1−κ

∆
1

1−κ
j,i∗



= O

L 1
1−κ

(
Ri∗ +H log1/2(1/δ)

) 2
1−κ

∆
1+κ
1−κ
j,i∗
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Therefore, the regret in this phase can be upper bounded by

Regretτmin(δ):τ∗ ≤ O

H(L− i∗)T 1−κ +Hi∗ + L
1

1−κ

(
Ri∗ +H log1/2(1/δ)

) 2
1−κ ∑

j<i∗

1

∆
1+κ
1−κ
j,i∗


Combining these three phases, the total regret is

O

HL 2
1−κ log

1
1−κ (1/δ) +HLT 1−κ +Hi∗ + L

1
1−κ

(
Ri∗ +H log1/2(1/δ)

) 2
1−κ ∑

j<i∗

1

∆
1+κ
1−κ
j,i∗

+Ri∗
√
T


Choosing either κ = 1/3 or κ = 1/2 gives us the statements of Theorem 2. This completes the proof.

B FREEDMAN INEQUALITY

In this section, we use a Freedman inequality to lower and upper bound with high probability the number of
times a particular algorithm is played both during exploration and while it is chosen by the meta-algorithm
(Lemma 2). First, we state a variant of the Freedman inequality from Bartlett et al. (2008).

Lemma 4 (Lemma 2, Bartlett et al. (2008)). Suppose X1, · · · , XT is a martingale difference sequence with
|Xs| ≤ b. We define

VarsXs = Var(Xs|X1, · · · , Xs−1)

Further, let VT =
∑T
s=1 VarsXs be the sum of conditional variances of X ′ss, and σT =

√
VT . Then we have, for

any choice of δ < 1/e and T ≥ 4:

P

(
T∑
s=1

Xs > 2 max(2σT , b
√

ln(1/δ))
√

ln(1/δ)

)
≤ log2(T )δ (5)

Recall that Bs denotes the indices of algorithms that have not been selected by time s. Note that |Bs| ≤ L. For
all i ∈ [L] and t ∈ [T ], define the event

Ei,t :=

||T
i
t | −

∑
s∈[t]

1
|Bs|sκ | ≤ 4

√∑
s∈[t]

1
sκ log(1/δ) τi ≥ t

||T it | −
∑
s∈[τi]

1
|Bs|sκ −

∑
s∈[τi+1,t]

(
1− 1

sκ

)
| ≤ 4

√∑
s∈[t]

1
sκ log(1/δ) τi < t

Lemma 5. The event E = ∩i∈[L],t∈[T ]Ei,t holds with probability at least 1− 4LT 2δ log2 T

Proof. Define

Si(t, t
′) =

∑
s∈[t′]

Ys,i +
∑

s∈[t′+1,t]

Y s,i

where Ys,i ∼ Ber
(

1
sκ|Bs|

)
and Y s,i ∼ Ber

(
1− 1

sκ

)
. Then define

Zi(t, t
′) :=

∑
s∈[t]

1s≤t′ ·
(
Ys,i −

1

|Bs|sκ

)
+ 1s>t′

(
Y s,i −

(
1− 1

sκ

))

Vi(t, t
′) :=

∑
s∈[t]

Vars

(
1t≤t′ ·

(
Ys,i −

1

|Bs|sκ

)
+ 1t>t′ ·

(
Y s,i −

(
1− 1

sκ

)))
where Vars denotes the conditional variance up to time s. By definition, {Zi(t, t′)}t≥1 is a martingale sequence
and Vi(t, t

′) ≤
∑
s∈[t]

1
sκ . By the Freedman inequality from Lemma 4,

P

|Zi(t, t′)| ≥ 4

√√√√∑
s∈[t]

1

sκ
· log(1/δ) + 4 log(1/δ)

 ≤ 2δ log2 T
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Let this event be denoted by E i(t, t′) for each i ∈ [L] and t, t′ ∈ [T ]. Then, by the union bound, the event⋃
i,t,t′ E i(t, t′) holds with probability at most 4LT 2δ log2 T . Therefore,

⋂
t,t′≥1 Ei(t, t′) holds with probability at

least 1− 4LT 2δ log2 T , and this event implies for all i ∈ [L] and t ∈ [T ], if t > τi, then

||T it | −
∑
s∈[τi]

1

|Bs|sκ
−

∑
s∈[τi+1,t]

(
1− 1

sκ

)
| ≤ 4

√√√√∑
s∈[t]

1

sκ
log(1/δ) + 4 log(1/δ)

and if τ ≤ τi, then

||T it | −
∑
s∈[t]

1

|Bs|sκ
| ≤ 4

√√√√∑
s∈[t]

1

sκ
log(1/δ) + 4 log(1/δ)

Corollary 1. With probability at least 1 − 4LT 2δ log2 T , for all i ∈ [L] and t ∈ [T ] such that t ≥ τmin(δ), the
following is true:

1. If t ≤ τi, then t1−κ

8L ≤ |T
i
t | ≤ 4t1−κ.

2. If t > τi, then |T it | ≤ t− τi + 4t1−κ.

Proof. Note that when t ≤ τi, it is also the case that |Bs| ≥ 1 for all s ≤ t. We condition on the event E from
above, which occurs with probability at least 1− 4LT 2δ log2 T . Given this event, it follows that if t ≤ τi, then

|T it | ≥
∑
s∈[t]

1

sκ|Bs|
− 4

√√√√∑
s∈[t]

1

sκ
log(1/δ)− 4 log(1/δ)

≥ 1

2L

∑
s∈[t]

1

sκ
− 32L log(1/δ)

≥ 1

2L

(
t1−κ − 2

)
− 32L log(1/δ)

≥ t1−κ

4L
− 32L log(1/δ)

≥ t1−κ

8L

The second inequality uses the AM-GM inequality along with the fact that |Bs| ≤ L, which implies√√√√∑
s∈[t]

1

Lsκ
· 16L log(1/δ) ≤ 1

2L

∑
s∈[t]

1

sκ
+ 8L log(1/δ)

The third applies the integral approximation of the sum. The last two follow from the condition that t ≥
τmin(δ) = Cmin · L

2
1−κ log

1
1−κ (1/δ) for a large enough constant Cmin > 0.

The other side follows similarly with

|T it | ≤ 3t1−κ + 32 log(1/δ)

≤ 4t1−κ

when t ≥ (32 log(1/δ))
1

1−κ .
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Similarly, for t > τi, event E guarantees

|T it | ≤
∑
s∈[τi]

1

sκ|Bs|
+

∑
s∈[τi+1,t]

(
1− 1

sκ

)
+ 4

√√√√∑
s∈[t]

1

sκ
log(1/δ) + 4 log(1/δ)

≤ t− τi + 32 log(1/δ) +
3

2

∑
s∈[τi]

1

sκ

≤ t− τi + 32 log(1/δ) + 3t1−κ

≤ t− τi + 4t1−κ

when t ≥ τmin(δ).

C APPLICATIONS

In this section, we expand on the applications of Theorem 1 to paradigms of function approximation in RL.

Linear MDPs Consider the setting of Jin et al. (2020b) which we mentioned as an example in Section 3. In
this setting, we assume access to a set of nested features φi : S × A → Rdi for i ∈ [L] such that di ≤ di+1 and
the first di components of φi+1 are the same as φi. These features generate linear model classes of the form

Fi =
{

(s, a) 7→ 〈φi(s, a), θ〉 : θ ∈ Rdi
}

Nested-ness of the features ensures that Fi ⊆ Fi+1 for all i. In accordance with the setting of Jin et al. (2020b),
we assume that there exists some minimal i∗ such that for any Fi with i ≥ i∗ there exist µ(·) and ωi,h ∈ Rdi
that predict exactly the transition probabilities P and reward r:

P (s′|s, u) = 〈φi(s, u), µi(s
′)〉

rh(s, u) = 〈φi(s, u), ωi,h〉
(6)

Here, µi(·) is a di-dimensional vector of measures on S. Let {Ai} be instances of LSVI-UCB equipped with
the doubling trick and model classes {Fi}. We further assume that the features and parameters for each of the
models with i ≥ i∗ satisfies the regularity conditions of Assumption A of Jin et al. (2020b), i.e. bounded `2
norms, r ∈ [0, 1].

Jin et al. (2020b) guarantees that for i ≥ i∗ and t ∈ [T ] with probability at least 1 − δ0, Regrett(Ai) =

O(
√
d3
iH

4t · log2(diTH/δ0)). Adapting this to the framework of ECE, we let Ri = O

(√
d3
iH

4 · log2(diTH/δ)

)
,

which ensures Ri ≤ Ri+1. A model selection corollary immediately follows from Theorem 1.

Corollary 2. In the linear MDP setting of (6) with LSVI-UCB, ECE guarantees with probability at least 1− δ′

RegretT = Õ

(√
d3
i∗
H4 log2(di∗LTH/δ

′) · L5/6T 2/3

)
Yang and Wang (2020) consider a similar setting of linear MDPs where the transition dynamics P are linear.
We again assume access to nested linear models but of the form

Fi =
{

(s, u, s′) 7→ φi(s, u)>Mψi(s
′) : M ∈ Rdi×d

′
i

}
where {φi}i∈[L] and {ψi}i∈[L] are nested features of dimension di and d′i respectively. Yang and Wang (2020)

assume that there is some minimal i∗ such that for any i ≥ i∗, there is M ∈ Rdi×d′i such that

P (s′|s, u) = φi(s, u)>Mψi(s
′) (7)

for all s, s′ ∈ S, u ∈ U . We further adhere to the regularity conditions of Assumption 2 of Yang and Wang

(2020), who guarantee the MatrixRL Ai with model Fi has regret Regrett(Ai) = Õ
(√

d3
iH

5t · log(diTH/δ0)
)
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with probability at least 1− δ0. Letting Ri = Õ
(√

d3
iH

5 · log(diTH/δ)
)

, we have the following model selection

guarantee.

Corollary 3. In the linear MDP setting of (7) with MatrixRL, ECE guarantees with probability at least 1− δ′

RegretT = Õ

(√
d3
i∗
H5 log2(di∗LTH/δ

′) · L5/6T 2/3

)
The final linear setting we consider is that of low inherent Bellman error studied by Zanette et al. (2020). We let
Fi be defined as it is in (3) and let B = {θ ∈ Rdi : ‖θ‖ ≤ D} for some D > 0. Then assume there is a minimal
i∗ such that for any i ≥ i∗ and θh+1 ∈ B, there is θh such that

〈φi(s, u), θh〉 −BhQh+1(θh+1)(s, u) = 0

for all s ∈ S and u ∈ U , where Qh(θ) is the linear action-value function parameterized by θ (with features φi)
and Bh is the Bellman operator with reward rh. In other words, this condition asserts that Fi∗ has zero inherent
Bellman error. Under the same regularity conditions, for i ≥ i∗, Zanette et al. (2020) guarantees ELEANOR

achieves Regrett(Ai) = Õ
(
di
√
H4t

)
with probability at least 1 − δ0. Letting Ri = Õ

(
di
√
H4
)

, we have the

following model selection guarantee.

Corollary 4. In the inherent Bellman error setting with ELEANOR, ECE guarantees with probability at least
1− δ′

RegretT = Õ
(
di∗
√
H4 · L5/6T 2/3

)
where Õ hides polylog dependencies.

Low Bellman Rank Another class of algorithms using more general function approximation considers the
setting of MDPs with low Bellman rank (Jiang et al., 2017). In this setting, a finite model class F : S × U → R
realizesM if there exists f∗ ∈ F such that Q∗h(s, a) = f∗(s, a), where Q∗ is the optimal action-value function for
all h ∈ [H]. For any f ∈ F , define πf as the greedy policy with respect to f , and the Bellman error at h ∈ [H]
as

E(f, π, h) := E [f(s, πf (s))− r(s, πf (s))− f(s′, πf (s′))] ,

where the expectation is over s from the state distribution of π at h and s′ ∼ P (·|s, πf (s)). In this setting, it is
assumed that there is a Bellman rank M � |F| such that for any f, g ∈ F , we have E(f, πg, h) = 〈νh(g), ξh(f)〉
for νh(g), ξh(f) ∈ RM and ‖ν‖‖ξ‖ ≤ ζ. We assume access to a set of finite model classes {Fi}i∈[L] such that
there is at least one that realizes M, and the complexity of Fi is a function of its cardinality |Fi| and induced
Bellman rank Mi. We consider instances of the AVE algorithm {Ai} of Dong et al. (2020) with the doubling

trick, which has nominal regret Õ

(√
M2
i |U|H4t log3 |Fi|

)
. Choose RFi = Õ

(√
M2
i |U|H4 log3(|Fi|)

)
and let

i∗ be the smallest index that realizes M. This yields the following corollary.

Corollary 5. In the low Bellman rank setting with AVE, the model selection algorithm guarantees with probability
at least 1− δ′

RegretT (A) = Õ

(√
M2
i∗
|U|H4 log3(|Fi∗ |) · L5/6T 2/3

)
.

D Implications of fast rates of estimating V ∗ and/or gap between policy classes

We previously discussed the recent results that prove PAC (Modi et al., 2020) and regret (Pacchiano et al., 2020)
results for model selection in RL given knowledge of V ∗. We now show an analogous result for our setting. We
use the framework of Algorithm 1 but set the probability of forced exploration to zero, i.e. set κ = ∞. Then,
the test is modified to check the following condition for eliminating model ı̂t:∑

t′∈T ı̂tt

V ∗ − gt′ >WV ∗(|T ı̂tt |,Rı̂, dı̂t , δ)
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where

WV ∗(∆,R, d, δ) = CW · R(d,H, log(1/δ)) ·
√

∆

+ CW ·H
√

∆ · log(1/δ)

for a sufficiently large constant CWV ∗ > 0. The test effectively measures the regret of Aı̂t up to noise in gt and
rejects when we are confident that the regret does not match the nominal.

Proposition 1. Given side information of the optimal value V ∗ for MDPM, the above model selection algorithm
A guarantees regret

RegretT (A) = Õ
(
Ri∗(di∗ , H, log(LT/δ′)) ·

√
LT
)

with probability at least 1− δ′.

Proof. The proof is identical to that of Theorem 1 except for the handling of the misspecified case. For any
model j < i∗ for which there is a time when the test succeeds,∑

t∈T jτj+1−1

V ∗ − V πt =
∑

t∈T jτj+1−1

(V ∗ − gt) +
∑

t∈T jτj+1−1

εt

≤ WV ∗(|T jt |,Rj , dj , δ) +
∑

t∈T jτj+1−1

εt

= O

((
Ri∗ +H log1/2(1/δ)

)
·
√
|T jt |

)
Summing over all j < i∗ and using Jensen’s inequality again shows that the dominant term remains O(Ri∗

√
T )

instead of O(Ri∗T 2/3).

This regret optimally matches the regret of the base algorithms in both Ri∗ and T , but a dependence on L is
still included.

Unfortunately, it is unclear whether such an assumption of knowing V ∗ is realistic in practice. An immediate
alternative solution is to try to estimate V ∗ without first finding the optimal policy. The original test in Section 4.2
attempts this: the average returns of the algorithms in Bt act as a noisy lower bound of V ∗. The test, however,
is sensitive to the amount of exploration allocated to the base algorithms, and, since we are comparing to the
nominal regret, the flat dependence on R is unlikely to improve. We hypothesize that better estimates of V ∗

can significantly improve the model selection guarantee.

In the following subsections, we consider the implications of having access to fast estimators, either of the optimal
value V ∗ := V ∗i∗ or gaps between optimal values of different model orders, i.e. ∆i,j := V ∗i − V ∗j . We employ
our instance-dependent analysis to show that improved regret rates can be obtained in both cases when the gap
between the value of the optimal policy class and others is relatively large (i.e. constant). These consequences
are demonstrated for the special case of linear contextual bandits, where such fast estimators are known to be
available (Dicker, 2014; Kong and Valiant, 2018; Kong et al., 2020; Verzelen et al., 2018).

D.1 Implications for access to a fast rate of estimating gaps in policy class optimal values

We first consider the possibility of fast rates in estimating the gap in optimal policy values, i.e. ∆i,j := V ∗j − V ∗i
for all i < j. In this section, we show that a modification of our ECE algorithm with a direct estimator of the gap
in maximal values would yield improved model selection rates if there is a constant gap between all lower-order
models and the true model, i.e. ∆i,i∗ > 0 for all i. Along with the replaced estimator, the radius of the statistical
test is also modified according to the faster estimation error rate in the policy gap. For the special case of linear
contextual bandits, these modifications will correspond exactly to the ModCB algorithm proposed by Foster et al.
(2019).

Since our focus is on instance-dependent analysis, we carry over the assumptions from Section 6, and further
assume model nested-ness in the sense that V ∗j = V ∗ for j ≥ i∗. Thus, we get ∆i∗,i = 0 for all i ≥ i∗, and
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Algorithm 2 Explore-Commit-Eliminate With Fast Gap Estimator And Forced Exploration Routines(ECE-Gap)

1: Input: {Ai, Ãi,Fi,Vi, di}i∈[L], T, δ
′, τmin(·)

2: δ ← δ′

10LT 2 log2 T
, ı̂t ← 1, T i1 = ∅ for i ∈ [L], B1 = [2, L]

3: Ut =

{
0 w.p. 1− 1

tκ

1 w.p. 1
tκ

for all t ∈ [T ].

4: for t = 1, . . . , T do
5: if Ut = 0 then
6: Set j ← ı̂.
7: else
8: Sample Jt ∼ Unif{Bt}
9: Set j ← Jt

10: end if
11: T jt ← T

j
t ∪ {t} and T kt ← T kt for all k 6= j.

12: IF Ut = 0: Rollout policy πt from Aj .
13: ELSE: Rollout policy πt from Ãj .
14: Observe zt := (st,1, ut,1, . . . , ut,H , st,H+1) and gt :=

∑
h∈[H] rt,h

15: Update Aj if Ut = 0, else update Ãj with t, zt, gt
16: if t ≥ τmin(δ) and there exists j ∈ Bt such that ∆̂ı̂t,j(T

j
t ) > Z(|T jt |,Vj) then

17: ı̂t+1 ← ı̂t + 1
18: Bt+1 ← Bt \ {ı̂t+1}
19: If ı̂t+1 = L, break and run AL to end of time
20: else
21: Bt+1 = Bt
22: end if
23: end for

∆i,i∗ > 0 for all i < i∗. To estimate the gap during exploration episodes, rather than running Ai directly, we

allow an exploration algorithm Ãi to be run. In the case of Foster et al. (2019) for contextual bandits, this would
be an exploration policy that picks an arm uniformly at random from the set of K arms. Finally, we make the
following assumption on the estimation error rate of the gaps.

Assumption 1. For any i < j, we define ∆̂
(n)
i,j as an estimate of ∆i,j that is a functional of the (context

and reward) feedback obtained after running n exploration episodes for Ãj. Then, we say that our estimate is
Vj := V(dj , H, log(1/δ))-consistent if, for some positive constant C > 1, we have

|∆̂(n)
i,j −∆i,j | ≤

∆i,j

C
+
Vj√
n

for all n ∈ [T ] and i < j (8)

with probability at least 1 − δ. As with the earlier definition5, V| is poly and non-decreasing in dj, H, |U|, and
log(LT/δ)).

The original estimator used in the ECE algorithm satisfies the above assumption with V := R. In what follows,
we want to exploit situations in which we have available an estimator ∆̂i,j with guarantee V � R; in particular,
the dependence of the function V on dimension d could be significantly improved over any regret bound. While
constructing such estimators is in general a open problem in RL, we do have one example for the linear contextual
bandit problem where this is known to be possible.

Example 1. [Linear contextual bandits.] Consider the stochastic dth-order linear contextual bandits model
as in Chu et al. (2011), parameterized by K context distributions {Σi}Ki=1, reward parameter θ∗ ∈ Rd, and
σ-sub-Gaussian noise in the rewards. Further, we carry over the assumptions from Foster et al. (2019) of τ -

sub-Gaussianity of the contexts and λmin(Σ) ≥ ν > 0 where Σ := 1
K

∑K
i=1 Σi is the action-averaged covariance

matrix. We assume that τ, ν are universal positive constants. Then, Assumption 1 holds with the choice of forced

5Similar to R, the definition of Vj can be general and include other problem dependent parameters as well.
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exploration Ãi that chooses arms uniformly at random from the set [K] (regardless of round index t and model

index i), with the choices C = 2 and Vi(di, log(1/δ)) scaling as Õ(d
1/4
i ) for the estimator based on the square loss

gap, used in Foster et al. (2019). Meanwhile, the regret bound for the base algorithms (e.g. instances of Exp4-IX)

would give Ri scaling as Õ(d
1/2
i ). Further, note that Algorithm 2 exactly becomes the ModCB algorithm for this

case.

We now described the modified ECE algorithm, ECE-Gap, to work with a plugged-in estimate of ∆i,j with the

above guarantees. Note that the input now has extra “exploration algorithms” Ãi, and what was earlier defined
as regret bound leading factors, i.e. Ri, is replaced by Vi, the leading factors in the gap estimation error.
Importantly, we are now using the fast estimator ∆̂i,j(t) in place of the earlier estimator Gt(j, i)/|T jt |.

Moreover, the threshold is now defined as:

Z(n,V) :=
V√
n

Note that the threshold is always applied to the more complex model d := di for i > j. The algorithm is stated
formally in Algorithm 2. We derive the following instance-dependent result for this algorithm.

Proposition 2. For a given M, let Assumption 1 hold and let {∆i,i∗}i<i∗ be the gaps. Then, with probability
at least 1− δ′, ECE-Gap in Algorithm 2 satisfies the regret bound

Õ

(
HLT 1−κ +RΠi∗

i∗

√
LT +

i∗−1∑
i=1

min{L
1

1−κV
2

1−κ
i∗

∆
− 1+κ

1−κ
i,i∗

,∆i,i∗T}

)
,

where regret is measured with respect to the optimal value V ∗.

Before proving Proposition 2, let us consider its implication for the linear contextual bandits setting, ignoring
dependence on K = |U| for now. Here, the modified ECE algorithm will essentially correspond to ModCB.

By choosing κ = 1/3 and using the gap estimator from Foster et al. (2019), we can achieve an instance-dependent
result with lower di∗ dependence than that of Theorem 2 for the same setting of κ under the assumption of
constant gaps. Furthermore, in the case the case of variable gaps, this result can immediately imply a minimax
guarantee that matches that of Foster et al. (2019).

Corollary 6. For the linear contextual bandit problem, under the same setting as Corollary 7, with probability
at least 1− δ′, Algorithm 2 with κ = 1/3 and constant gaps satisfies the instance-dependent regret bound

Õ

(
LT 2/3 +

√
di∗LT + L3/2d

3/4
i∗

∑
i<i∗

∆−2
i,i∗

)
= Õ

(
LT 2/3 +

√
di∗LT

)
. (9)

Furthermore, for variable gaps, let RegretT (A;M, {∆i,i∗}i) denote the regret as a function of the gaps. Since
min{L3/2V3

i∗
∆−2
i∗,i
,∆i∗,iT} ≤ L1/2Vi∗T 2/3, ECE-Gap also satisfies the minimax regret bound

sup
∆i,i∗>0 : i<i∗

RegretT (ECE-Gap;M, {∆i,i∗}i) = Õ
(
Ld

1/4
i∗
T 2/3 +

√
di∗LT

)
.

The equality in the (9) uses di � T for all i ∈ [L] and the constant gap assumption. If we knew a priori that the
gaps are constant, the instance-dependent bound in (9) can be improved by a more aggressive choice of κ = 1/2,

as in Theorem 2. We can then achieve the desired regret rate of Õ(
√
di∗T ) regret if and only if the gaps are

constant. Again there is only sub-optimal di∗ -dependence on the term independent of T .

Corollary 7. For the linear contextual bandit problem under Assumption 1 with constant gaps {∆j,i∗}j<i∗ , let

Vi∗ := Õ(d
1/4
i∗

) and RΠi∗
i∗

:= Õ(d
1/2
i∗

). Then, with probability at least 1 − δ′, Algorithm 2 with κ = 1/2 satisfies
the regret bound

Õ

(
L
√
T +

√
di∗LT + L2di∗

∑
i<i∗

∆−3
i,i∗

)
= Õ

(
L
√
T +

√
di∗LT

)
.
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In summary, Proposition 2 not only recovers the minimax rate, but shows an improved instance-dependent
guarantee for more favorable cases when the gap between optimal policy values is larger.

Let us now prove the proposition.

Proof. Let ∆̂t
i,j := ∆̂

(|T it |)
i,j . First, we show that under the intersection of the event of Equation (8) and event E′

of Theorem 2, we will never reach ı̂t > i∗. For every i > i∗, and all t ≥ 1, Equation (8) gives us

∆̂t
i∗,i ≤

Vi√
|T it |

Thus, model order i∗ is never rejected under this event, and higher order models have no contribution to the
overall regret.

Next, we bound the regret arriving from the misspecified models i < i∗. We do this by bounding the number of
rounds during which model order i < i∗ is used, given by |T iT |. From Equation (8), we get

∆i,i∗ ≤ ∆̂t
i,i∗ +

∆i,i∗

C
+
Vi∗√
|T i∗t |

=⇒ ∆i,i∗ ≤
C

C − 1

∆̂t
i∗,i +

Vi∗√
|T i∗t |


≤ CVi∗

(C − 1)
√
|T i∗t |

where the last inequality follows because the condition in the test has not yet been violated. More-over, since

model i∗ has not been selected yet, we have |T i∗t | ≥ t1−κ

8L ≥
|T it |

1−κ

8L . This gives us

∆i,i∗ ≤
8(CL)1/2Vi∗√
C − 1|T it |

1−κ
2

=⇒ |T it | = O

L 1
1−κ (Vi∗)

2
1−κ

∆
2

1−κ
i,i∗


Thus, the total contribution to the regret from the misspecified model i is given by

T 1−κ + |T it |∆i,i∗ +RΠi
i

√
|T it |

≤ T 1−κ + |T it |∆i,i∗ +RΠi∗
i∗

√
|T it |.

The first term comes from the forced exploration, and the last term is equivalent to the regret we would pay
anyway if we knew i∗ = 2 beforehand. Focusing on the second term, the contribution to regret is upper bounded
by

min

{
∆i,i∗T,

(
CZL

1/2Vi∗
∆i,i∗

) 2
1−κ

·∆i,i∗

}

D.2 Implications for a fast rate of estimating V ∗

An alternative setting is one where we have access to an estimator of V ∗ instead of an estimator of the gap.

Corollary 1 of Kong et al. (2020) shows that an ε-close approximation of V ∗ is possible in Õ
(√

d/ε2
)

interactions
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in the disjoint linear bandit setting (where there is a different parameter vector for each arm) under Gaussian
assumptions. Whether or not such fast estimators exist or are practical for other general settings is still open,
but future work on this problem could be applied to the instance dependent results here.

We will retain the same problem assumptions as the previous subsection. We also assume there is V̂i for each
i ∈ [L]. Each estimator offers a high-probability guarantee on the estimation error as a function of the number

of exploration episodes using corresponding exploration algorithms {Ãi}.

Assumption 2. For all i ∈ [L], we define the V̂
(n)
i where n ∈ [T ] as the estimator of V ∗i given n exploration

rounds with Ãi. We assume with probability at least 1− δ, for all i ≥ i∗, the estimator V̂
(n)
i satisfies

|V ∗ − V̂ (n)
i | ≤ Vi

nα
+
V ′i
nβ

(10)

where Vi and V ′i are poly and increasing in d, H, |U|, and log(LT/δ)) and α, β ∈ (0, 1).

Let V̂ ti := V̂
(|T it |)
i . The algorithm will be of the same form as Algorithm 2, but instead we leverage the following

alternative test: ∑
t∈T ı̂tt

V̂ tj − gt′ ≤ Zı̂(|T
ı̂t
t |,Vj ,V ′j) (11)

where

Zi(t,V,V ′) := CZ

(
VjLαt1−(1−κ)α + V ′jLβt1−(1−κ)β +H

√
t log(1/δ) +RΠi

i

√
t
)

for a sufficiently large constant CZ > 0. That is, if the above inequality holds, then ECE continues to use ı̂t;
otherwise, ECE switches to ı̂t + 1 for round t+ 1. First, we prove an analogous result to Lemma 1, showing that
the test will not fail under the good event E′′. Here, we let E′′ = E′ ∩E4 where E′ is the event from Theorem 2
and event E4 is the following.

Event E4: Let {V̂i} be the estimators from Assumption 2. For all i ≥ i∗ and n ∈ [T ], equation (10) is satisfied.

Note that E4 holds with probability at least 1 − δ by assumption. Therefore E′′ still holds with probability at
least 1− 10LT 2δ log2(T ).

Lemma 6. Given that event E′ holds, then for all t ≥ τmin and j ∈ [i∗ + 1, L], it holds that
∑
t′∈T i∗t

V̂ jt − gt′ ≤
Zi∗(|T

i∗
t |,Vj ,V ′j)

Proof. Since j > i∗, we use the assumption on the estimator V̂j to write the difference in terms of regret,
estimation error and noise:∑

t′∈T i∗t

V̂ tj − gt′ ≤
∑
t′∈T i∗t

V̂ tj − V πt′ − εt′

≤ Vj |T
i∗
t |

|T jt |α
+
V ′j |T

i∗
t |

|T jt |β
+
∑
t′∈T i∗t

V ∗ − V πt′ − εt′

Then note that
∑
t′∈|T i∗t |

εt′ ≤ H
√

2|T i∗t | log(2/δ) and
∑
t′∈|T i∗t |

V ∗ − V πt′ ≤ RΠi∗
i∗

√
|T i∗t | under event E′.

Furthermore, under E′, we have |T jt | ≥ t1−κ

8L ≥
|T i∗t |

1−κ

8L , which implies

∑
t′∈T i∗t

V̂ tj − gt′ ≤ CZ
(
VjLα|T i∗t |1−(1−κ)α + V ′jLβ |T

i∗
t |1−(1−κ)β +H

√
|T i∗t | log(2/δ) +RΠi∗

i∗

√
|T i∗t |

)

for CZ large enough. Therefore, it holds that
∑
t′∈T i∗t

V̂ tj − gt′ ≤ Zi∗(|T
i∗
t |,Vj ,V ′j).

The main proposition states that a better instance-dependent rate is available under less restrictive assumptions
on “realizability” by utilizing the test based on the V ∗ estimators.
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Proposition 3. For a given M, let Assumption 2 hold some for α, β and i ≥ i∗ and let κ ∈ (0, 1/2]. Then, with
probability at least 1− δ′, ECE in Algorithm 1 with the modified test (Equation 11) satisfies the regret bound

Õ

HLT 1−κ +RΠi∗
i∗

√
LT +

∑
j<i∗

∆j,i∗ max

L
1

1−κV
1

(1−κ)α
i∗

∆
1

(1−κ)α
j,i∗

,
L

1
1−κV ′i∗

1
(1−κ)β

∆
1

(1−κ)β
j,i∗

,
(RΠi∗

i∗
+H log1/2(LT/δ′))2

∆2
j,i∗




Proof. As discussed previously, the sufficient events occur with probability at least 1− δ′. Similar to Theorem 2,
we now show that the gaps ∆j,i∗ can be bounded by using the estimation error of V̂ i∗ and the concentration
bounds from E′. Let t be such that ı̂t = j and the test succeeds. Then,

∆j,i∗ = V ∗ − V ∗j

≤ V̂ ti∗ +
Vi∗
|T i∗t |α

+
V ′i∗
|T i∗t |β

− 1

|T jt |

∑
t′∈T jt

V πt′

≤ V̂ ti∗ +
Vi∗
|T i∗t |α

+
V ′i∗
|T i∗t |β

− 1

|T jt |

∑
t′∈T jt

gt′ +
1

|T jt |

∑
t′∈T jt

εt′

≤ CZ

Vi∗Lα|T jt |−(1−κ)α + V ′i∗L
β |T jt |−(1−κ)β +H

√
log(1/δ)

|T jt |
+
RΠi∗
i∗√
|T jt |

+
Vi∗
|T i∗t |α

+
V ′i∗
|T i∗t |β

+H

√
log(1/δ)

|T jt |

Again noting that |T i∗t | ≥ t1−κ

8L ≥
|T jt |

1−κ

8L , the above can be simplified to

∆j,i∗ ≤ C ′Z ·

(
2Vi∗Lα|T

j
t |−(1−κ)α + 2V ′i∗L

β |T jt |−(1−κ)β +
2H log1/2(1/δ) +RΠi∗

i∗

|T jt |1/2

)

≤ 6C ′Z ·max

{
Vi∗Lα

|T jt |(1−κ)α
,
V ′i∗L

β

|T jt |(1−κ)β
,
H log1/2(1/δ) +RΠi∗

i∗

|T jt |1/2

}

where C ′Z = max{1, CZ}. Then, we can consider the three potential cases to upper bound |T jt |. Depending on
the maximal term, one of the three possible cases occurs:

|T jt | ≤
(

6C ′ZVi∗Lα

∆j,i∗

) 1
(1−κ)α

, |T jt | ≤

(
6C ′ZV ′i∗L

β

∆j,i∗

) 1
(1−κ)β

, |T jt | ≤

(
6C ′Z(H log1/2(1/δ) +RΠi∗

i∗
)

∆j,i∗

)2

The regret during the misspecified phase becomes

Regretτmin(δ):τ∗

= O

HLT 1−κ +Hi∗ +RΠi∗
i∗

√
LT +

∑
j<i∗

∆j,i∗ max

L
1

1−κV
1

(1−κ)α
i∗

∆
1

(1−κ)α
j,i∗

,
L

1
1−κV ′i∗

1
(1−κ)β

∆
1

(1−κ)β
j,i∗

,
(RΠi∗

i∗
+H log1/2(LT/δ′))2

∆2
j,i∗




The total regret is

O
(
HL

2
1−κ log

1
1−κ (1/δ) +HLT 1−κ +Hi∗

)
+O

RΠi∗
i∗

√
LT +

∑
j<i∗

∆j,i∗ max

L
1

1−κV
1

(1−κ)α
i∗

∆
1

(1−κ)α
j,i∗

,
L

1
1−κV ′i∗

1
(1−κ)β

∆
1

(1−κ)β
j,i∗

,
(RΠi∗

i∗
+H log1/2(LT/δ′))2

∆2
j,i∗




Consider again the implications of this bound in the contextual bandit setting. It is possible that to estimate

an upper bound of V ∗ with rate Õ

(
d
1/4
j

n1/2 + 1
n1/4

)
, where n is the number of samples and j ≥ i∗ (Foster et al.,
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2019; Kong and Valiant, 2018). However, this would only give a one-sided estimation error bound. If a two-sided

guarantee of the same form were possible, we would have α = 1/2, β = 1/4, and Vi∗ = Õ
(
d1/4

)
,V ′i∗ = Õ (1).

We now state the following immediate corollary in this setting with constant gaps under the hypothesis that
such an estimator for this problem exists and is given.

Corollary 8. For the linear contextual bandit problem under Assumption 2 with constant gaps {∆j,i∗}j<i∗ , let

α = 1/2, β = 1/4, Vi∗ = Õ(d
1/4
i∗

) and V ′i∗ = Õ(1). Let the exploration parameter κ = 1/2. Then with probability
at least 1− δ′, ECE in Algorithm 1 with the modified test (Equation 11) satisfies the regret bound

Õ

√T +
√
di∗T +

∑
j<i∗

max
{
di∗∆

−3
j,i∗

, ∆−7
j,i∗

, di∗∆
−1
j,i∗

} = Õ
(√

T +
√
di∗T + di∗

)

where Õ hides dependence on the number of models L, the number of actions K = |U|, and log factors.

For constant gaps, the scalings in d and T are nearly same for this estimator and the gap estimator of the
previous section. The main difference arises in the dependence on the gap, O(∆−5

min) in this case compared to
O
(
∆−2

min

)
in the previous case. In this case, it is clearly suboptimal.


